We consider an example of vectorial AdS 5 /CFT 4 duality when the boundary theory is described by free N complex or real Maxwell fields. It is dual to a particular ("type C") higher spin theory in AdS 5 containing fields in special mixed-symmetry representations. We extend the study of this theory in arXiv:1410.3273 by deriving the expression for the large N limit of the corresponding singlet-sector partition function on S 1 × S 3 . We find that in both complex U (N ) and real O(N ) invariant cases the form of the one-particle partition function is as required by the AdS/CFT duality. We also discuss the matching of the Casimir energy on S 3 by assuming an integer shift in the bulk theory coupling.
Introduction
In addition to "adjoint" AdS/CFT duality between gauge theory at the boundary and string theory in the bulk there is a simpler example of "vectorial" AdS/CFT relating singlet sector of conserved currents of a CFT described by N free massless fields in a vector representation of U (N ) or O(N ) to a Vasiliev-type theory in AdS. This duality is not restricted to original examples in d = 3 [1, 2] : generalizations to d > 3 were studied, e.g., in [3, 4, 5, 6, 7, 8] . 1 While in d = 3 the only option to get a unitary theory with a higher spin symmetry is to use free scalars or spin 1 2 fermions [10] in the d = 4 case that we will be interested in here one is also allowed to consider free spin 1 fields [11, 12, 13] . 2 The corresponding conserved currents that appear in the product of two spin 1 doubletons (as in [16, 17, 18, 19, 20, 21] ) are in specific mixed-symmetry representations of SO (2, 4) . 3 The singlet sector of a theory of N complex or real Maxwell vectors invariant under U (N ) or O(N ) should then be dual to a particular version of higher spin theory in AdS 5 involving mixed-symmetry fields. This theory was called "type C" in [25] by analogy with type A theory dual to N boundary scalars and type B theory dual to N spin 1 2 boundary fermions. Here we will elaborate on its discussion in [25] by directly computing the singlet-sector partition in this theory and explaining the matching of the AdS 5 vacuum energy in the bulk and the S 3 Casimir energy at the boundary.
Representation content and relations between characters
Let us first review the case when the boundary theory is described by N complex or real scalars. We shall use the notation (∆; j 1 , j 2 ) for generic "massive" representation of SO(2, 4), with the "massless" case corresponding to ∆ = 2 + j 1 + j 2 with j 1 j 2 > 0. 4 Also, {j, 0} and {0, j} with ∆ = 1 + j will denote spin j doubleton representation. The spectrum of states in "non-minimal" type A theory dual to complex U (N ) scalar theory may be found from the decomposition of the product of two j = 0 doubletons [19] (generalizing the d = 3 relation of [26] ) non − minimal A :
Here the representations (2 + s;
2 ) correspond to conserved currents dual to massless totally symmetric spin s fields in AdS 5 . In the "minimal" type A theory case dual to the real scalar O(N ) theory one is to project out all odd spin fields (the corresponding currents become trivial), i.e. to "symmetrize" the product minimal A :
Let us define the ("blind") characters for the basic representations
Here (2.3)/(2.4) has the interpretation of one-particle partition function Z(∆ 0 ; j 1 , j 2 ) for the corresponding massive/massless 5d field in AdS 5 with standard boundary conditions. The character identities which are the counterparts of (2.1) and (2.2) are [20] non − minimal A : 6) and [8] minimal A :
The validity of (2.7) can be verified directly, but the group-theoretic origin of the combination in the l.h.s. is not obvious. The l.h.s. parts of (2.6) and (2.7) have the interpretation of the large N limit of singlet-sector one-particle partition functions of the U (N ) [27] and the O(N ) [8] scalar theories.
The r.h.s. parts are interpreted as the total contribution to the one-particle partition function of corresponding higher spin theory defined on thermal quotient of AdS 5 [28, 29] .
The same construction can be repeated for spin 1 2 boundary theory when the role of j = 0 doubleton is played by the j = 1 2 one, leading to the spectrum of type B higher spin theory in AdS 5 [8, 25] . Similarly, taking the product of two j = 1 doubletons {1, 0} c = {1, 0} + {0, 1} (that may be associated with the self-dual and anti self-dual parts of Maxwell field strength F mn ) we get the spectrum of conserved currents and other primary fields and thus the content of the corresponding type C theory in AdS 5 [25] . In general, the products of two doubleton representations decompose as follows [19, 20] {j, 0} ⊗ {j
For an "unsymmetrized" product of two spin 1 doubletons one then finds the spectrum of the nonminimal type C theory dual to the singlet sector of N complex Maxwell fields at the boundary
In addition to two infinite series of massless spin s ≥ 2 fields it contains also a massive scalar and pseudoscalar in representation (4; 0, 0) (dual to F * mn F mn and F * mnF mn ) and the rank 2 antisymmetric tensor in self-dual and anti self-dual massive representaion (4;
The spectrum of minimal type C theory dual to real O(N ) Maxwell theory is found by projecting out one parity-odd symmetric tensor states and odd-spin mixed-symmetry states:
The corresponding character relations are counterparts of (2.6) and (2.7) in type A case:
Like in the type A case and the type B cases [8] these relations between characters have again a field theory or AdS/CFT interpretation. As we shall show below, the l.h.s. of (2.13) is the one-particle partition function representing the leading term in the large N limit of the singlet-sector partition function of the theory of N complex Maxwell fields, while the l.h.s. of (2.14) corresponds to the real O(N ) Maxwell theory case.
3 Singlet-sector partition function in the theory of N Maxwell fields
Let us first recall the expression for the partition function of one scalar field on S 1 × S 3 , then consider N scalars and impose the singlet-sector constraint and, finally, generalize to the case of Maxwell vectors instead of scalars.
For a conformal scalar we get the partition function (we assume S 3 to have unit radius and length of S 1 to be β)
Using the eigenvalues of the Laplacian −D 2 on S 3 we get the eigenvalues and multiplicities of O 0
Thus log
where E c is Casimir energy on S 3 and Z is one-particle partition function. For the massless 4d scalar Z thus has the same expression as the character for spin 0 doubleton in (2.5)
Next, let us consider the singlet partition function for N complex scalars in d = 4 (see [27, 8] and also [30, 31, 32] for relevant earlier work). One way to define it is to gauge the U (N ) symmetry and consider the coupling of N scalars Φ r to U (N ) gauge field A m with strength F mn
We shall understand the limit g → 0 as restricting the path integral to pure-gauge fields A m . In the case of S 1 × S 3 there is a non-trivial holonomy U of A 0 along S 1 that cannot be gauged away. The remaining path integral will then be over Φ r and U or phases α r in
We thus get the following expression for the singlet partition function of U (N ) scalarŝ
ln sin 2 αr−αs 2 , (3.9)
Here µ(α) is the contribution of the U (N ) invariant measure [U −1 dU ] and d n and ω n are as in (3.2),(3.5). To take the large N limit let us introduce the normalized ( π −π dα ρ(α) = 1) eigenvalue density ρ(α) and replace the integral over α r by the path integral over the periodic field ρ(α) defined on a circleẐ
Here the N 2 term came from the measure term µ in (3.9). Isolating the Casimir energy part and rearranging the sum we get
14)
Splitting the normalized periodic function ρ(α) into the constant and non-constant parts, ρ(α) = 1 2π +ρ(α), we can write (3.12) as (using thatQ in (3.14) does not couple to the constant part of ρ)
Integrating overρ (or, equivalently, evaluating the path integral at the large N saddle point) gives
17)
Thus the one-particle partition function corresponding to the large N limit of the singlet-sector partition function is given by the square of the free scalar one in (3.5) [27] . Repeating this argument in the real O(N ) scalar case one finds a similar result [8] , i.e.
These are exactly the expressions that appear in the l.h.s. parts of the character relations (2.6) and (2.7).
The leading Casimir energy term in (3.17) is the same as in (3.3) for 2N real scalars, while the non-trivial β-dependent partF (β) is of order N 0 rather than of order N when the singlet constraint is not imposed.
While the scalar one-particle partition function Z 0 (3.15) counts all operators built out of one scalar and its derivatives modulo equations of motion, the singlet partition functionẐ counts all bilinear spin s currents modulo the conservation condition. Equivalently, it is the total one-particle partition function for the theory of massless higher spin fields in thermal cover of AdS 5 [27, 8] . Similar results are found [8] in the spin (1−q) 3 and the sign plus in (3.7) replaced by the sign minus.
Let us now repeat the same computation using the Maxwell action
of the scalar one. For one real Maxwell field we get the well-known expression for the curved-space partition function in the usual covariant Feynman gauge
Specializing to the S 1 × S 3 case (splitting A µ = (A 0 , A i ) i, j = 1, 2, 3) we find [33] 
where 
The contribution of the integral over A 0 cancels against the ghost or measure determinant giving back (3.22) .
From the spectrum of transverse 3-vector Laplacian (−D 2 ) 1 ⊥ on S 3 the spectrum of O 1 ⊥ in (3.22) is found to be is
The resulting Z 1 has the form (3.3) where the one-particle partition function is thus equal to the character of spin 1 doubleton representation in (2.5) (cf. (3.22)) 26) where D m = D m (A), r = 1, ..., N . We rescaled A m by g and ignored the decoupled singlet. Taking the limit g → 0 (for fixed N ) understood as localizing the path integral over A m on F mn = 0 or pure gauge configurations we get then the direct analog of (3.6),(3.7), i.e. the following generalization of (3.23) 27) where D 0 contains A 0 in (3.7) (we ignored the trivial decoupled contribution of A 0 ). Integrating over A r i and U we then get again the relations (3.8),(3.9),(3.10) where now d n and ω n are given by (3.24). The remaining derivation of the large N limit of the singlet partition function is then literally the same as above in the scalar case.
As a result, we get exactly the same expressions for the singlet-sector partition function as in (3.19) ,(3.7) with Z 0 replaced by Z 1 , i.e. 6
These expressions are indeed consistent with the AdS/CFT, i.e. with counting of conserved currents or counting of states in the dual type C theory in AdS 5 as follows from the comparison with the identities for the corresponding characters in (2.11) and (2.12).
Casimir energy
The Casimir energy is determined by the same spectrum as the one-particle partition function Z in (3.3),(3.4) and they may be directly related as One can show that the Casimir energy vanishes if the partition function Z obeys the property
. This property is true for the square of the scalar partition function in (3.19) (cf.
(3.5)) but is not valid for the second term in (3.7) in the O(N ) case. Since the Casimir energy is given by the linear in β part of the log of the total partition function in (3.3) it then follows that E c for the spectrum corresponding to the singlet partition function (3.7) is the same as for one real 4d scalar,
i.e. in the scalar or type A case of AdS/CFT we have scalar :
In the vector case (3.28) there is no q → q −1 invariance already in the U (N ) case. Since the combination
is symmetric under q → q −1 in this case the singlet-sector Casimir energy is same as of 2 real Maxwell 4d vectors. In the O(N ) case the contribution of the first term in (3.29) is half of the U (N ) case one and the second term gives the same E c 1 contribution. Thus we find vector :
The relation between the characters or one-particle partition functions in (2.13).(2.14) then implies the corresponding relations for the total Casimir energy of the AdS 5 theory: in non-minimal and minimal type C theory we then get, respectively, 2 E c (4; 0, 0) + E c (4; 1, 0) c + 2 Note that here one does not need to worry about regularization of the sums over spins provided one uses the ζ-function prescription to define E c as in (4.1). Namely, one is first to compute the sum over spins of all partition functions for finite q or the sum of their Mellin transforms ζ E (z) and then to continue the result to the required z = −1 value. 7 In view of (2.11),(2.13) and (4.3) the relation (4.4) expresses the equality of E c computed for the product of two spin 1 doubleton representations to twice E c for the single doubleton representation, i.e.
Remarkably, the relations (4.4) or (4.6) and (4.5) are true also for the boundary theory conformal anomaly coefficients a and c [25] (these correspond to partition functions for S 4 or Ricci flat space instead of S 1 × S 3 ). 7 This procedure is equivalent to using an exponential cutoff exp[−ǫ(s + 1 2 )] in the sum over s and dropping all terms that are singular in the ǫ → 0 limit, see [8] .
To interpret (4.6) from the point of view of AdS/CFT we observe that the full boundary CFT contribution to the Casimir energy is simply proportional to N (cf. (3.17) ). This should correspond to the classical type C theory contribution in AdS 5 . . Then the duality requires the one-loop bulk contribution to E c to vanish, but it does not according to (4.4),(4.5). To reconcile this with AdS/CFT duality we follow the suggestion made in the real scalar and fermion cases [6, 8] and conjecture that the coefficient in front of the classical bulk theory action should be shifted by an integer from its naive value N . Namely, let us assume that the classical actions of the non-minimal type C theory dual to complex U (N ) Maxwell theory and the minimal type C theory dual to real O(N ) Maxwell theory have the form
Here S 0 stands for the common sector of the two type C theories (cf. (2.11),(2.12)) Then the factor of two difference between the leading large N terms in the two actions will be consistent with the fact that the boundary theory Casimir energy of N complex fields is the same as that of the 2N real fields. The equal negative subleading terms will be required to cancel the equal one-loop corrections (4.4), (4.5) of the quantum fluctuations of the bulk fields, in agreement with the absence of the subleading in N term in E c in the boundary theory.
It is interesting to note that the structure of the two actions in (4.7) is consistent also with the fact that U (N ) theory should be equivalent to O(2N ) one as far as "non-singlet" properties like Casimir energy or partition function on a space with trivial holonomy (e.g., S 4 ) are concerned: one complex field should be the same as 2 real ones. The reason for the triviality of the bulk action in the U (1) (N = 1) case implied by (4.7) remains to be clarified further.
The above discussion has a straightforward generalization to the case when the boundary theory is represented by a combination of vectors, fermions and scalars and, in particular, to the supersymmetric case. For example, the relation (4.6) holds also if one replaces the spin 1 doubleton by a combination {1, 0} c + n 1 2 { 1 2 , 0} c + n 0 {0, 0} which represents a superdoubleton for special choices of n 1 2 and n 0 [25] . In the case of N = 4 superdoubleton (n 1 2 = 4, n 0 = 6) one gets the duality between the singlet sector of the theory of N copies of N = 4 supersymmetric Maxwell multiplet and a special N = 4 supersymmetric higher spin theory in AdS 5 generalizing maximally supersymmetric 5d gauged supergravity [16, 18, 35] .
